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Problems

2.14. BBGKY for binary mixtures. Consider a binary mixture described by the Hamiltonian (2.53).

Na
H = Z (5;;2 + VA ) + Z (pB . B(FB,b)> (2.53)

Ny Np
AA( BB AB(
+§ ¢ TAa—TAb-i—E ] TBa_TBb+E E " (Fa,a — B )
a<b a<b a=1b=1

Derive the BBGKY equations for the reduced distributions F("4:75) and write in detail the equations for
the cases F(19) and F©1),

e We start with collecting the needed abbreviations and definitions:
— Phase space

FN:(Fl,ﬁl,FQ,ﬁg,...,FN,ﬁN):(172,...7]\[) ,Where k:Fk,ﬁk (].)

symmetrized distribution
F(T,t) =i ZF (PT,t) (2.15)

where P signifies the N! permutations of positions and momenta of the particles.

— reduced distribution

N! ~
FM(1,2, ... -tzi/F12...N~td 1)...dN 2.17
(7 9 7”7) (N—TL)' (’ 9 9 ,)('I’L+ ) ( )

with the normalization
N!
FM@,2,... omt)dl...dn = ———— 2.18
[P = (218)
— Liouville equation
oF

— =—-{H F 2.11
= —{H.F) (211)

e to obtain the equations for the hierarchy, we
1. symmetrize the Liouville equation, eq. (2.11), over the N particles
2. multiply by the prefactor ﬁ and
3. integrate over the remainder of the phase space [d(n+1)...dN

e general assumption for the N particle Hamiltonian:

N N
Hy =Y ho(a)+>_ ¢(a,b) (2)

a<b
— Hy has only separable one-particle and two-particle terms

— the one-particle Hamiltonian hq is separable into kinetic and potential parts
ho = Ko(pa) + Vo(7a) (3)

with the kinetic part depending only on momenta and the potential part depending only on
positions.

e for mixtures we have also the extended definitions

~ 1
F(la.. Nailp... Noit) = ,NB,ZZF (PaT'a; Psl';t) (4)
Pa Pp
and
F(nA’nB)(lA,...,TI,A;lB,...,’n,B;t)
Ny! Npg! =
= F(1a...Na;1p...Np;t)d 1)...dNad 1)...dN
s 2 =g ] PO Mo Nait)l(na ... dNsd(nm +1)-..dNp (3
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Applying now the points 1., 2., and 3. to the Liouville equation for the density function of a mixture
gives:

1. symmetrizing

OF(Na.Np)
- (Na,Ng)
ot NA'NB'ZZPAPB[ {H, B }} (6)
Py Pp
2. multiplying
Nj! Np!  §FNa.Np) 1 1 (NaN
= P4P H,FNaNz)
(NA—nA) (NB—TLB)' ot (NA—TLA) (NB—nB 'ZZ A B{ { }}

Py Pp

(7)

3. integrating

aF(;:,nB) (NA:W (NB?nB /AN / ZZPAPB[ (H, F(NA,NB>}] (8)

7L+1 Py Pp

where we introduced the abbreviation

/ ':/d(nA—l—l)...dNA. (9)
AN
n41
4. expanding the Hamiltonian
OF (nans) 1 / /
= PyP 10
3t (NA—nA)!(NB—TLB 7L+1PZPZB ALB ( )
NA B NA NB
» [- { (z ) + S hs)+ 3 i+ D0 0hp ¢ ZZ¢be> ,F<NA’NB>H
a=1 b=1 a<a’ b<b’ a=1 b=1

- - - B - - [

with

Na
B 1 F(Na,N
. NA—TLA) (NB_nB)|/AN /BN ZZPAPB ;hA 4Nz

+1 n+1 Py Pp a=1 }
1 -
- S eSS o)
NA - nA) (NB - nB)| /14£Y+1 /B’fy+1 Py Pp b=1
1 <
N Y ST G
NAan) (NBnB)|/A£y+1 /Bﬁzrl P4 Pg a<a’
1 .
- Sx e {Sap ol g
Ny — 77,,4)' (NB - TLB)' /Aﬁﬁrl /Bﬁzrl Ps Pp b<d’
) Nai Np
_ Py Pp o, FNaNE) (15)
[5]= A—nA)'(NB_”B)!/ALVH /Bivﬂ ;g {;; b
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Discussing the terms:

e Since and have the same structure, like and , too, we can discuss them together.

In (or ) we have only the single particle Hamiltonian and we sum over all particles. Therefore
the permutations just rearrange the appearance of terms in the sum, but do not change the sum. So
we get

N
ZZPAPB {ZhA F(NA’NB)}:ZA{hA ZZPAPBF(NA,NB)}
Py Pp

=1 Py Pp

i{ ), NalNplEVaNe)} (16)

e For the integration we have to split the remaining sum into the two ranges 1...n4 and (ng+1) ... Ny:

_(NA]V_A;A) NB—nB /AN [BN <Z+ Z ){hA(a)ﬁ(NA,NB)}

n+1 a=1 a=na+1

_Z{hA F("A,nB)} (NAan) (NBan Z / /BN

a=na+1 n+1

[ 0hal0) QFWNaNw) — gF(NaN2) 9h 4 (a)
OPa Oy OPa Oy

(17)

But the second term can be rewritten

F(Na,Np) [(Na,Np) [(Na,Np) [(Na,Ng)
Oha(a) O 9 Ohala) 0 (hA(a ) ) 0 (hA(a ) )

O o, OPa o, Opa o, o7, O

and since it is integrated over, vanishes.
So we get simply:

. Z { F("AJLB)} (19)

np

= {rs®), Frame)} (20)

b=1
In (or ) we still have only the single particle Hamiltonian and we sum over all particles.

Therefore the permutations just rearrange the appearance of terms in the sum, but do not change
the sum, even when we sum over pairs of positions. So we get

N N
ZZPAPB{EA: (b:?ﬁ,F(NA,NB)} — i { aa/’ZZPAPBF(NA,NB)}

Py Pp a<a’ a<a’ Py Pp
Na
= Z { aa’7NA'N 'F(NA7NB)} (21)
a<a’

e For the integration we have to split the remaining double sum into three ranges for a and a’:

Na Na—1 Ngu na—1 na na Njp—1
IS SHD SIND Sl SINS SID SEFES DD S (22)
a<a’ a=1 a’=a+1 a=1 a’=a+1 a=la’'=ns+1 a=nas+1a’=a+1

The first sum is independent of the integrals:

Na! N5 Aol AA 73(Na,Np) - AA p(na,np)
:(NA—TLA) (NB_TLB)'/AN /BN Z Z {¢aa/;F ’ }:Z{¢aa7F ’ }

n+1 n+1 a=1 a’=a+1 a<a’
(23)
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In the second sum we can rename the summation index o’ and give it always the name a. Then the
second term has (N4 — n4) identical integrals over a:

: (NAN—A!HA)! (NB —np)! / / nZA: Z {éff’F(NA’NB }

n+1 a=la’'=nap+1

N.

Ny! AA ~
d F(Na,Nz)
(NA—TLA) NB—TLB'Z/ a/AN /BN d)aa? } Z

a’=na+1

_if NA! / / NANB)
aa7 — A—l) NB—nB AN

_ Z/dd {(ng;’F(nﬁl,nB)} (24)
a=1

The last sum can be treated in a similar way as eq. (17) and (18), since we integrate over all the
summation indices:

a(bf;}aﬁ(NA,NB) DF(NaNs) gpAd g (AAaﬂNA,NB))_ o (AAaﬁ(NA,NB)> 25)

ap; or; op; or;  op; \ v or o \ " o

and since it is integrated over, vanishes.
So we get simply:

33 e} o 8 falutronn) o
. Z{ngf FnA,nB) Z/db ¢BB F(nA,nB+1)} (27)

b<d’
where @ and b are the names for the additional variables the appear in F("*t1 compared to F(™.

e In the Poisson bracket we have to sum over all possible pairs of coordinates and momenta. But if
the pair does not appear in the potential ¢, the result of the individual term of the Poisson bracket
vanishes:

Nl [aa;AA OF OF 8¢aa/] _ OF 92 OF 9gAd

{¢aa 7F} - ; 317] 877'3_87])] 81"] 3pa 87’(1 a apa/ 6Ta (28)

— and with the same argument as in eq. (17) and (18), since we integrate for | 3 | and | 4 | over over
a and b, these indices will again not appear in the derivatives, giving the simpler result

3= fotrre) -3 f dﬁ?ﬁa e )
a<a/ a a
np
na,n (n 17l )
[4]= Z;{ BB p(rans) Z/db o apr Atling (30)

In we still have now the real mixed particle Hamiltonian and we sum over all particles of both
species. Therefore the permutations again just rearrange the appearance of the terms in the sum,
but do not change the sum. So we get

Na Np Na Np
> PaPg {ZZ¢ ’F<NA,NB)} ZZ{ 6485 S " PPy F(NA,NB)}

Pa Pp a=1b=1 a=1b=1 Py Pp
Nag Np
= {¢g‘bB, NA!NB!FWAWB)} (31)
a=1b=1

e For the integration we have to split the double sum now into four ranges for a and b:

NA NB naA nNp np

D H RIS IS 32

a=1b=1 a=1b=1 a=na+1b=1 a=1b=np+1 a=na+1b=np+1
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The first sum is independent of the integrals:

' na np na nmp
51 = / / ab 7FNA7NB)} { ab aF(nA nB)}
S G = g o, 22 3

(33)

In the second sum we can rename one summation index a and give it always the name a. Then the
second term has (N4 — n4) identical integrals over a:

(NAN—llA NB—TLB /AN / Z HX:{QSAB F(NANB}

n+1 a=ns+1b=1

Na! Np!  \* AB FNaNs) ] NS
_ . . d&/ / {¢&ByF Na,Np }
ety DY KLY I IR )y

a=na+1
S g M Nl g
ab’(NA—nA—l)!(NB—nB)! N N
b=1 A"+2 B77~+1
np
=Y [da{osr porarine} (34)
b=1

With the same logic for the Poisson bracket as eq. (28) we get

or, Opy

np
_Z/d~ a¢ab F(nA-i-l ng) (35)
b=1

In a similar way we get the third term by exchanging a and b:

W 0% ) / S 8530 fopen)

n+1 a=1b=np+1

qz/)AB

na

In the last sum we have to rename both of the summation indices and like in the previous equations
we will call them a and b:

B (NAN—A;A)! (NB —np)! / / Z Z {¢AB F NA’NB)}

71+1 a=nas+1b=ng+1

Ny! Np! R $AB. F(NaN5)
_ F A,Np
(NA—nA)!(NB—nB)!/da/db/AgH /B% i } Z Z

a=na+1b=ng+1
= / da / db {oiB, plratine L (37)

But applying the logic of eq. (28) we see, that this term vanishes.

So we get:
S ¢AB F(TLAJLB _|_ da ¢AB p(rating) db QSAB’F(TLAJLB'HL)
/ ab
a=1b=1 a=

+/da/d6 qS?EB,F("A“’"B“)}

_ ii {¢AB F(nA,nB)} _ i/cr a¢ab F(nA+1 ng) _ Z/db QSAB F(nA i)
- a=1b=1 “ b=1 arb apb 87‘a apa

(38)
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Writing the n particle Hamiltonian as

na ng
H, ZhA Z +Z¢ +Z¢bb, + 0N en” (39)
b=1 a<a’ b<b! a=1b=1
we can write the hierarchy as
g (namp) _ (nA,nB) {" (na+1,np) S BB 9 (na,np+1)
o’ ~{r / Z o7, 6paF +/dbz o7, g

GAB 9 2P o

da i nA+1nB /db d nA,nB+1)
/ Z 87‘b 3pb Z Oy 8pa
AA ]

I3
- _ (na,mp) ab_ _“ | p(na+lng)
{Hm F } + / [ a’l"a 3pa bz (97“[, apb‘|

/ db lni 5 apb az ara 3pa plramsth) (40)
case F(1.0)
[;—%{Hm-}} FOO7 5oit] _/da[ 8::4 aia bzag;l: 81);,] F(2,0)
/db [Z arb pr ai 8ra Gpa] Py
:/dﬁ;f‘: apaF(2 017y, Pas T, Pas t]
v [ 2 pois, g (a)
case F(O:1)

0 01z = / o O 905" 0 | pau
|:8t +{Hn, }:| [Tb,pb’ B da[ 8ra 8pa bz: a"db 61717

1 0
| p0,2)
+f [Z o Z o, apa]

ad) (1,1
- F ) a as Y Y
/ a’rb 8pb [T ’ p ,rb pb }

9P
db—2b _— p(02) t 42
+/ 87“1] 5]717 [rbapbarbapbv ] ( )



